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EIGENVALUES AND EIGENFUNCTIONS OF
DISCONTINUOUS TWO-POINT BOUNDARY VALUE
PROBLEMS WITH AN EIGENPARAMETER IN
THE BOUNDARY CONDITION

S. CALISKAN, A. BAYRAMOV, Z. OER AND S. USLU

ABSTRACT. In this paper we get asymptotic formulas
for eigenvalues and eigenfunctions of discontinuous two-point
boundary value problems with the eigenparameter in the
boundary conditions with transmission conditions at the two
points of discontinuity.

When our problem is continuous the obtained results coin-
cide with the corresponding results in [3].

1. Introduction. Consider
(1) Tu = —u" + q(x)u = \u
on [—1,h1) U(h1, h2) U(h2,1), with the boundary conditions

(2) Li(u) := aqu(—1) + ao/(=1) =0
(3) La(u) == (BiA + Br)u(l) — (BaA + B2)u’(1) =0

and the transmission conditions

=~

u(hy —0) — du(hy +0) =0,
=/ (hy —0) — 6u'(hy +0) =0,
u
u

(@

Lg(u) := I(hg —-0)— ’Yu/(hg +0)=0,

~ o~~~
D
—_ D D
h
(o1}
A/E/—\/—\
D D

where —1 < h; < hs < 1, g(x) is a given real-valued function
continuous on [—1, h1), (h1, h2), (he, 1] and has finite limits ¢(h; £0) :=
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limg,—p,10q9(x) (0 = 1,2); §,7,:,08:,8; (i = 1,2) are real numbers
|oa| + |aa] # 0, 6 # 0, v # 0; A is the complex eigenvalue parameter.
As for [3], we assume that p = 8182 — 8551 > 0.

This type of problem is considered in the references [1-5, 7, 10, 11].

Note that, as a rule, problems of this type arise in the theory of heat
and mass transfer, in diffraction and in various processes of physical
transfer problems.

2. Preliminaries. In the Hilbert space H = La(—1, 1) C, we
define an inner product by

h1 _ ha -

(F,G) = B f(x)g(z) dz + 6 : f(z)g(x)dx
1 2.2

+0%9° | f@)gw) do+ 5: fa

F = (fj(jf)> G = <9§f)> cH.

Following [3], for convenience we put

for

Ry (u) := Bru(l) — B’ (1), R (u) == Biu(l) — Byu/(1).

For functionals f(x), which are defined on [—1,h1) U (h1, h2) U (ha, 1]
and have finite limits f(h; £0) := lim,_p, 40 (i = 1,2). By fi(x), fa(x)
and f3(x), we denote the functions

f(z) x € [-1,h)
filz) = {w%hhr?of(x) z = hi,
S T
fa(z) = ¢ f(2) z € (hi,ha) ,
I 2=t

f3(z) = {wii,gﬂrof(x) © = ho
f(z) v e (hal]
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which are defined on Q1 = [—1,h], Q2 = [h1, h2] and Q3 = [ho, 1],
respectively.

The operator-theoretic formulation of (1)—(7) assumes the form

AF:(J%ﬁ)

with D(A) = {F € H|fi(z), f/(z) are absolutely continuous in €
(i = 1,2,3), Tf S LQ[—l, 1], Llf = L3f = L4f = L5f = LGf =0 and
f1 = Ri(f)}. Consequently, the problem (1)-(7) can be considered as
the eigenvalue problem for the operator A.

Theorem 2.1. The operator A is symmetric.

Proof. Let F, G € D(A). Integrating by parts twice, we get
+ 62W(fag; h2 - 0) - 52W(fvg;h1 + O)
+Y2 W (f,9;1) = 2*0*W(f, g5 ha +0)

252

. T(R' ((F)R1(G) — Ru(£)R,L(3)),

where

W(f,g:2) = f(2)g'(z) — f'(z)g()
denotes the Wronskian of the functions f and g. Since f and § satisfy
boundary condition (2), it follows that

(9) W(f,3;—1) = 0.
From the transmission conditions (4)—(7), we get
(10) W(f,g:h1 —0) = 6*W(f, g: h1 +0)
(11) W(f,g5h2 = 0) = v*W(f, g;h2 +0).
Further,
(12) Ri(f)Ra(3) - Rl(f)R/ (_)

= (B1/(1) = B21' (1)) (Br9(1) = Bog' (1)

(1)) (B1g(
— (Bif(1) mfu»( g(1) %M))
= (B2B1 — B3B8 (L)1) + (B85 — B1582) f(1)F (1)
= p(f(1)7(1) — f()F (1) = —NVUy,)
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Finally, substituting (9)—(12) in (8), we then get
(13) (AF,G) = (F,AG) (F,G € D(A)).

Theorem 2.1 is proved. ]
Corollary 2.1. All eigenvalues of the problem (1)—(7) are real.
We can now assume that all eigenfunctions are real valued.

Corollary 2.2. If A1 and Ay are two different eigenvalues of the
problem (1)—(7), then the corresponding eigenfunctions uy and us of
this problem satisfy the following equality

1

hy ha
/ up (2)ug (z) do + 62 / up (2 )ug () do + %> / ug (z)ug(z) do

—1 h1 ho

52 2
=~ Riw) R (w2).

In fact, this formula implies the orthogonality of the eigenfunctions uy
and ug in the Hilbert space H.

We need the following lemma, which can be proved by the same
technique as in the proof of Theorem 1.5 in [7].

Lemma 2.1. Let the real-valued function q(z) be continuous in [a, b],
and let f(X),g(\) be given entire functions. Then, for any X € C, the
equation

—u" 4+ q(x)u=Au, x € [a,b,

has a unique solution v = u(x, \) satisfying the initial conditions

u(a) = f(A) (@) =g(A) (oru(d)=f(N) u'(b) =g(\)).

For each fized x € [a,b], u(x, \) is an entire function of A.

We shall define two solutions ¢y (z) and X)(x) of equation (1) as
follows.
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Let p1x(z) := @1(z, A) be the solution of equation (1) on [—1, hq]
which satisfies the initial conditions

(14) u(—1) = ag, u'(=1) = —ay.
By virtue of Lemma 2.1 after defining the above solution we may define

the solution oy () := pa(x, A) of equation (1) on [hy, hs] by means of
the solution ¢4 (z, A) by the initial conditions.

(15) u(hy) =8 to1(hi, \)  w'(hy) =8¢ (h1, ).
Again after defining this solution we may define the solution sy (x) :=

w3(x, A) of equation (1) on [ha,1] by means of @o(x,\) by the initial
conditions.

(16) u(hy) =7 " @a(ha,A),  u'(ha) =7 b (ha, A).

Hence,
o1(z,N) ze[-1,h1)
oz, A) =< @2(z, X))z € (h1, ha)
o3z, \)  x € (ha, 1]
satisfies equation (1) on [—1, hy) (1, ha) U(

ha, 1], the boundary con-
ditions (2) and the transmission conditions (4)—(7).

Similarly, first we define the solution Xsx(z) := X3(x, A) on [he, 1] by
the initial conditions

(17) u(l) = oA+ B2, W/(1) = BiA+ Bu

After defining the above solution Xox(z) = X2(x, \) of equation (1) on
[h1, ho), the initial conditions

(18) u(he) = yX3(h2,N),  u/(h2) = yX5(h2, A).

Again, after defining this solution, we define the solution Xi)(z) =
X1(z, A) of equation (1) on [—1, hq] by the initial conditions

(19) u(hl) = 5X2(h1, /\), ’U,/(hl) = 5X/2(h1, /\)
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Hence,
X1(z,A) z€[-1,h1)
X(z,\) = { Xo(z,A) z € (h1,h2)
XB(Z‘)A) US (hQ;l]
satisfies equation (1) on [—1, h1) |J(h1, he) U(h2, 1], the boundary con-

dition (3) and the transmissions (4)—(7).

It is obvious that the Wronskians

wi(A) = Wi (pi, Xi; x)
= (Pi(va)X;(x’ )‘) - (P;(va)Xi(x’ )‘)v xr € (7/ =1, 273)

are independent of x € €; and entire functions.
Lemma 2.2. For each X € C, wi1()\) = §2wa(\) = 262w (N).

Proof. Because of (15), (16), (18) and (19), a short calculation gives

Wi(p1,X1;h1) = 62Wa (2, X2; h1)
= 82W(p2, X2; ha)
- 5272WA(¢35 X3a hQ)a

$0
wi(A) = 82wa(N) = %y2ws(N).

Now we may introduce the characteristic function
W) = wi(N) = 62wa(N) = 62y%ws(N).
Theorem 2.2. The eigenvalues of the problem (1)—(7) are the zeros
of the function w(\).

Proof. Let w(Ao) = 0. Then Wy, (¢1,X1;2) = 0, and therefore the
functions ¢1(x, A) and Xi(x, A) are linearly independent, i.e.,

Xl(l‘,/\o) = kl(pl(xv)‘())v S [_th]
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for some k1 # 0. From this, it follows that Xi(x,\g) satisfies the
boundary condition (2) so X1(z, Ag) is an eigenfunction of the problem
(1)—(7) corresponding to this eigenvalue Ag.

Now let up(x) be any eigenfunction corresponding to eigenvalue g,
but w(Ag) # 0. Then the functions @1, X1; @2, X2 and @3, X3 would
be linearly dependent on [—1, k4], [h1,he] and [ha,1], respectively.
Therefore, ug(x) may be represented in the following form:

01%01(33,/\0)4-02)(1(3:,/\0) x € [—1,]7,1)
up(z) = ¢ Caa(x, Ao) + CaXa(x,No) @ € (hy, ho)
05(103(335A0)+06X3($,A0) T € (hg,l],

where at least one of the constants Cy, Cs, Cs, Cy4, Cs, Cg is not zero.

Considering the equations
(20) L,(up(x)) =0, v=1,...,6,

as a homogenous system of linear equations of the variables C; (i =
1,...,6) and taking into account (15), (16), (18), (19), it follows that
the determinant of this system satisfies

0 w1(Xo) 0 0 0 0
©1x0(h1)  Xixng(h1)  —dpany(h1) —0Xax,(h1) 0 0
90/1,\0 (h1) X,1>\0 (h1) _690,@\0 (h1) _6X/2,\0 (h1) 0 0
0 0 p2(h2) Xaxg(h2)  —vps(h2)  —7X3x,(h2)
0 0 wh(h2) Xoy,(h2)  —ves(he)  —vXg, (he)
0 0 0 0 ws(Ao) 0

= =07 w1 (Ao)w2(Ao)w3 (o).

Therefore, the system (20) has the only trivial solution C; = 0 (i =
1,...,6). Thus we get a contradiction, which completes the proof. O

Lemma 2.3. If A = )¢ is an eigenvalue, then @(x, Ng) and X(x, Xo)
are linearly independent.

Proof. Let A = A\g be an eigenvalue. Then, by virtue of Theorem 2.2,

W((pl(xa A0)7 X(Z‘, /\0)) = wi(/\o) = Oa
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and therefore,
(21) Xi(z, o) = kii(w, Ao), (i =1,2,3),

for some k1 # 0, ko # 0, ks # 0. We must show that k1 = ko = k3.
Suppose, if possible, that ks # k3; taking into account the definitions
of the solution ¢;(z, A) and X;(z, A) from the equalities (21), we have

L5(Xx) = Xag(ha —0) — vX, (h2 +0)
= Xaxo (h2) — 7X3x, (h2)
= kapa(h2) — vk3ps(he)
= kavps(ha) — vksps(hz)
= (ke — k3)p3(h2) = 0.

Since L5(X»,) = 0 and (k2 — k3) # 0, it follows that

(22) P30 (h2) = 0.

By the same procedure, from Lg(Xy,) = 0, we can derive that
(23) P, (h2) = 0.

From the fact that @3y, () is a solution of differential equation (1) on
[he, 1] and satisfies the initial conditions (22) and (23), it follows that
©3, () = 0 identically on [hg, 1] because of the well-known existence
and uniqueness theorem for the initial value problems of the ordinary
linear differential equations. Making use of (16), (21) and (22), we may
also find

(24) para(h2) = @y (h2) = 0.

From the latter discussion for @sy,(z), it follows that way,(x) = 0
identically on [hq, he]. Making use of (15) and (24), we may also find

©1x(h1) = @5, (h1) = 0.

It follows that (1, (z) = 0 identically on [—1, h;]. Hence, p(z, o) =0
identically on [—1, k1) J(h1, ho) U(he, 1]. But this is a contradiction of
(14). Hence, ko = k3. Analogously, we can prove that ki = ko.
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Corollary 2.3. If A = )¢ is an eigenvalue, then both p(xz, Ag) = 0
and X(x, \g) = 0 are eigenfunctions corresponding to this eigenvalue.

Lemma 2.4. All eigenvalues N\, are simple zeros of w(A).

Proof. Using the well-known Lagrange’s formula it can be shown that

h1
(25) <A—An>( | @) ds

ho 1
+8 [ on@on @ +5 [ or)en @) dx)

hl h2
= YW (@x, Pao; 1),
for any A. Since X, (z) = knpa, (z), x € [=1,h1) J(h1, h2) U(h2, 1]

for some k, # 0, n =1,2,.... Using this equality for the right side of
(25), we have

1
W(ex, ox.;1) = —W(px, Xa,i 1)

Fn
- é()\nRﬂ(%\) + Ri(pr))
- é [w(3) = (A= Aa) Ry (02)]
1 w()\) /
=0 =) [A wie Rl(w)]-

Substituting this formula in (25) and letting A — Ao, we get

(26)
ha 2 ha 2 5 o 1 2
| on@)te+d [ (on @) o+ 97 [ (o, @) a0
52,}/2 52,}/2
= kn w/(An)_ k'n, Rll(go)\n)'
Now, putting
1 p
Ri(¢x,) = HRQ(X/\") =%

in (26), we get w’'(A\,) # 0.
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3. Asymptotic approximate formulas for w()\). We begin by
proving some lemmas.

Lemma 3.1. Let o(x, \) be the solution of equation (1) defined in
Section 2 and \ = s>. Then

(27)
dFp1x(2) dk o db
Tark gk cos[s(z +1)] — 5 4ok sin[s(z + 1)]
1 /% dF
35 / s sin[s(z — y)]q(y)p1r(y)dy, k=01,
-1
(28)
d* x 1 dk
QZQTZ() = 5901,\(/11)@ cos[s(x — hy)]
1 1 d*
5<P1>\(h1) - sin[s(z — h1))]
1 [® gk
+ Aok sin[s(z — y)|q(y)p2x(y) dy, k=0,1,
(29)
dk 1 dk
ZBTA,C(Q:) 7@2)\(]12) — cos[s(x — ha)]

11 dk
5 #halhe) g sinfs( — o))

1 (% d*
+ _/h dak sinfs(z — y)lq(y)par(y) dy, k=0,1.

Proof.  We just use s”pix(y) + P), s%pax(y) + @5y (y) and
s*p3x(y) + @ix(y) instead of q(y)e1r(y), 9(y)e2a(y) and q(y)esa(y)
in the integral term of (27), (28) and (29), respectively, and integrate
by parts twice.

Lemma 3.2. Let A = s?, Ims = t. Then the functions @;x(x)
have the following asymptotic representation for |\| — oo, which holds
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uniformly for x € Q; (fori=1,2,3)

(30)
dF d .
E%A(x) :agw cos[s(x+1)]+0(|8| e )

(31)

- 0z k=1t (z+1)
w%x(x) = chos[s(x+1)]+0(|5| e )

(32)

d_k ({L‘) — %d_k COS[S(IL‘ + 1)] + O(|s|k—1e|t\(z+1))
Aok P3x 5y da*

if ag # 0.

(33)

d" ay d¥ b—2_[t/(a41)
ok P (@) :—?ws1n[s(x+1)]+0(|s| e )

(34)

d ay d¥ k=2t (o41)
e (e) = o sinls(z + 1) + O[5 21 )

(35)

d_k (Qj) = _&d_k sin[s(x + 1)] + O(|S|k—2€\t|(m+1))
dzk PN 5vys dxk

if ag = 0.

Proof. Since the proofs of the formula for ¢i15(z) are identical to
Titchmarsh’s proof of similar results for py(z) (see [8, Lemma 1.7,
pages 9-10]), we may formulate them without proof. But similar
formulas for @9y () and @3 (x) need individual consideration, since the
last solutions are defined by initial conditions of special nonstandard
forms. Therefore, we shall only prove formulas (31) and (32) (since
(34) and (35) may be proved similarly to (31) and (32)).

Let aa # 0. Tt follows from (30) that

(36) @ia(h1) = az cos[s(hi + 1)] + O(|s| el hatD)
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and
(37) ¢ia(h1) = —sagsin[s(hy + 1)] + O(el1h1F),
Putting (36) and (37) in (28) (for k = 0), we get

(38)  @ax(x)
_1 (ozg cos[s(h1 +1)] + O(|5|_1e‘t|(h1+1))) cos[s(z — hy)]

=3
4 %( — sagsin[s(hy + 1)] + O(e‘tl(hﬁ_l))) sinfs(z — h1)]
. 1 /h sinfs(z — y))a(y)p2a (y) dy

-2 (cos[s(h1 +1)] cos[s(x — hy)] — sin[s(h1 + 1)] sinfs(z — hl)])

+ 0(M> +1 /}: sin[s(z — y)]q(y)p2x(y) dy

|s] 8
x

— % cos[s(z + 1)] + é / sinfs(z — y)]q(y) 2 () dy

h1
O<e|t(z+1> )
|s|
Denoting Fyy () = e~ 1@ D,y (2) from (38) we have

Fo(z) = %e*‘tl(gﬂ“) cos[s(z + 1)]

1

+ < /}: sins(z — )]q(y)e” 1"V o\ (y) dy

1
e (_)
s
Denoting M7 () = maxp, <g<h, |[Fax(z)], it follows that

Mi(\) < Jaz] + M)

ho MO
q)|dy +
5 T /h @l dy + 7

for some My > 0. From this, it follows that M;(A) = O(1) as A — oc.
So

pnr(@) = O(e1+D).
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Substituting in the integral on the right of (38), we have
[t](z+1)
par(x) = % cos[s(x +1)] + O(eT).

So formula (31) follows for k£ = 0. Similarly, putting (36) and (37) in
(30) for k£ = 1 and following the same technique, we can get formula
(31) for k=1,

poy(z) = —% sin[s(z +1)] + O(elt\(z+1)).

Now we prove formula (32) for £ = 0. It follows from (31) that

- oltl(ha+1)
(39) wax(h2) = 5 cos[s(he +1)] + O< )

5]

(40) ¢ox(h2) = —s% sinfs(ha + 1)] + O (eltlh21D)

Putting (39) and (40) in (29) (for k = 0), we have

(41)
1

p3(z) = 5 <72 cos[s(hg 4+ 1)] cos[s(x — hg)])

1
s

) oltl(@+1)
+1 / sinfs(z — y)lq(y)ps(y) dy + O(TF)

(—s) (% sin[s(hg + 1)] sin[s(z — hg)])

= 2 cosfs(e+ ]+ - [ sinls(@ ~ pla(w)ealy) dy

S ho
It](z+1)
+0(6 )
|s]

Denoting Fs(z) = e~ 1@ g, (2), from (41) we have

Fs\(z) = %e‘ltmﬂ) cos[s(z + 1)]

42 /z sinfs(z — y)lg(y)e” " Faa(y) dy + O<i>'

S Jho 8|
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Denoting M3(\) = maxp,<gz<1 |Fsa(z)| from the last formula, it follows
that
Ms(A)

|s]

Q@2
v6
for some M3 > 0. From this, it follows that Ma(A) = O(1) as A — oc.
So

1
M.
lq(y)| dy + —
ha |5|

Ms(\) <

w3 (z) = O(e\tl(:wrl)).
Substituting in the integral on the right of (41), we have

[t](z+1)
_ Q2 ¢
wsa(z) = s cos[s(x—i—l)]—i—O( . )

So formula (32) follows for k = 0. The other assertions can be proved
similarly. O

Theorem 3.1. Let A\ = s?, t = Ims. Then the characteristic
function w(\) has the following asymptotic representations.

Case 1. 3} # 0, ag # 0.
(42) w()\) = OZ?BQ&}/SB sin 2s + O(|s|262|t\).

Case 2. 3, #0, as =0.
(43) w(\) = Bhardys? cos2s + O(|s[e*).

Case 3. 3Y =0, as # 0.
(44) w(A) = Bagdys? cos2s + O([s|e*!).

Case 4. 3, =0, az = 0.
(45) w(A) = =B a16yssin2s + 0(62\t|).

Proof. The proof is completed by substituting (32) and (35) in the
representation:
w(A) = 0*72ws(A) = %7 [paa (1)Xsa (1) — @55 (1)X55(1)]
= 672 [(AB] + Br)wsa(1) — (AB5 + B2) @i (1)]
= A% (Bran(1) — Bopia (1))
+8272(Brpsa(l) — Bagia(1). O

(46)
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Corollary 3.1. The eigenvalues of the problem (1)—(7) are bounded
below.

Proof. Putting s = it (t > 0) in the above formulas, it follows that
w(—t?) — co ast — oco. Hence, w(\) # 0 for A negative and sufficiently
large in module.

4. Asymptotic formulas for eigenvalues and eigenfunctions.
In this section we shall obtain the asymptotic approximation formula
for the eigenvalues of the considered problem (1)—(7).

Since the eigenvalues coincide with zeros of the entire function w(\), it
follows that they have no finite limit. Moreover, it is clear from Corol-
lary 2.1 and Corollary 3.1 that all eigenvalues are real and bounded
below. Therefore, we may renumber them as A\g < A; < Ag < --- listed
according to their multiplicities.

Theorem 4.1. The cigenvalues A\, = s2, n = 0,1,2,..., of

n’
the problem (1)—(7) have the following asymptotic representation for
n — 00.

Case 1. 8, #0, az # 0.
(47) =50 (1).

Case 2. (8, #0, as =0.

(48) 5o = 2= QD) (21/2”” + o(%).

Case 3. 8, =0, az #0.
_(n—(1/2)r (1>
(49) Sp=—"—40(— ).

Case 4. 3, =10, a2 =0.

(50) sn=ﬂ+0<l>.
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Proof. 'We shall only consider the first case (the other cases are
similar).
Denoting by w1 (s) and wa(s), the first and the O-term of the right of
(42), respectively, we shall apply the well-known Rouche theorem which
asserts that if f(s) and g(s) are analytic inside and on a closed contour
C, and |g(s)| < |f(s)| on C, then f(s) and f(s) + g(s) have the same
number of zeros inside C, provided that each zero is counted according
to its multiplicity.

We now show that|ws (s)] > |w2(s)| on the contours

Cn::{SEC |5|ZW}

for sufficiently large n.

Let \g < A1 < --- be the zeros w()\) and A\, = s2. Since, inside the
contour Cy,, wi(s) has zero at the points s = 0 (with multiplicity 4)
and s = (7k)/2, k = £1,+2,... ,£n (with multiplicity 1) and so the
number of zero is 2n + 4, it follows that

-1
(51) 8, = (n=-1)m 46,

2
where d,, = O(1), more precisely |0,| < (7/4) for sufficiently large
n. By substituting this in (42), we derive that J,, = O(1/n), which
completes the proof.

The next approximation for the eigenvalues may be obtained by the
following procedure. For this, we shall suppose that ¢(y) is of bounded
variation on [—1,1].

We only consider the case 85 # 0, aa # 0 (since other cases may be
considered similarly).

Putting x = hs in (28) and then substituting in (29), we get
, s (1
5 (1) = 5 g%x(hl) cos[s(ha — h1)]
1 .
+ Edﬁ(hl) sin[s(hg — h1)]

ha
+ % /h sinfs(h2 — y)lq(y)p2x(y) dy) sin[s(1 — hs)]
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+ % ( - %w(hl) sin[s(hy — h1)] + %80'1(/11) cos(s(hy — h1)]

ha
+/h cos[s(h2 — y)]a(y)p2(y) dy) cos[s(1 — ha)]
+ /h cos[s(1 = y)]g(y)war(y) dy
— —%wl(hﬂ sin[s(1 — hy)] + %S@ll(hl) cos[s(1 — hy)]

ha
+ % /hl cos[s(1 —y)la(y)p2x(y) dy

1
+ / cos[s(1 —y)]lq(y)esa(y) dy.
ha

Putting * = hy in (27) and then substituting in the last equality, we
get

Poall) == <042 cosfs(hn +1)] — "L sins(hs +1)]

h1
w2 [ sulstn = latw)en, () dy ) snls(a — )

-1
+ % ( — agssinfs(hy + 1)] — a; cos[s(hy + 1)]

h1

[ coslshn — 9)law)enn(y )dy) coss(1 — hy)]

-1

/ cos[s(1 — y)]a(y)e2(y) dy

1

+ [ cos[s(1 —y)]q(y)psx(y) dy

ha

O’IS\ er—\\

= ——ssm2s — a—;cos2s
h1
5/ cos[s(1 — y)e1xa(y) dy

+;/hl cos[s(1 — y)]a(w)pa(y) dy
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1
+/h cos[s(1 — y)]q(y)es(y) dy.

2

Substituting (30), (31) and (32) on the right side of the last integral
equality then gives

Qg . a
o5\ (1) = —%ssm% - 5—; cos 2s
(6%) h
4 a cos[s(1 — y)] cos[s(y + 1)]q(y) dy
1

9 ha
+ o /h1 cos[s(1 — y)] cos[s(y + 1)]q(y) dy

+ (O;—,j /}12 cos[s(1 — y)] cos[s(y + 1)]q(y) dy
+ O(|s|_162|t\)

= —%SSiHQS — ?—; cos2s

1
a
52 [ cosls(1 )] cosls(y + Dl dy
—1
+ O(|s|_162|t‘).
On the other hand, from (32) it follows that

p3r(1) = % cos2s + O(|s|—1€2|t\).

Putting these formulas in (46), we get

w(A) = 525272 [51 (?_i cos 2s + O(|S|162|t)>

—5§<— %ssin%— ?—;coszs

1
+ ?—i [1 cos[s(1 — y)] cos[s(y + 1)]q(y) dy + O(|8|1€2|t))]

+ 5272 {51 (g—i cos 2s + O(|s|1e2t|)>
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(0% . (6%
— Ba| — 22 55in2s — —* cos 2s
oy oy

52 [ ool = ] cosls(y + Dla(s) dy
+0(|s|—162lt))]

= 53 Bh67 sin 2s + 52 {agﬁi&y cos 2s + ay 3507 cos 2s

—~ azﬁé&y/ cos(s(1 — y)] cos[s(y + 1)]q(y) dy] +0(|sle?™)

-1

= 53 Bh07 sin 25 + 526y {(agﬁi + a1/3%) cos 2s
1, ! I
— 502bac082s [ q(y)dy — 52fs [ cos2syq(y)dy
-1 -1
+O(]s|e!").

We find, by putting (47) in the last equality,

. cos 26, B m 1 /1
20, = — | — = — — + — d
sin - [ 3w +3 5 _1q(y) Y

i % /_11 cos(2sny) q(y) dy] + 0(%)-

By the Riemann-Lebesgue lemma, the second integral on the right in
(52) is O(n™1) of g(z) bounded variation in [—1,1] (see [12, page 48,
Theorem 4.12]). Equation (52) therefore suggests that

_ 1 (5] ﬁl 1 1 1
on = (n—l)w[‘a_?‘5+%/_l"(y)dy] +O<ﬁ)'

Substituting in (47), we have

_(n—Dm 1 a1 B 1t 1
T +(n—l)w[_a?_@+%/f(y)dy]+O<W)'

Similar formulas in the other cases are as follows.

(52)
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In Case 2,

= G s e [ 3 [ ] +o ()

In Case 3,

R e T TECI R Tas A /_11“” if+0(3)

In Case 4,

=Rl foe] of).

Let g(xz,A) be defined as in Section 2. Recalling that o(x,\,) is
an eigenfunction according to the eigenvalue A, by putting (47) into
equations (30), (31) and (32), we derive that

V1, (T) = ag cos (%) + O(l)

p2r, (2) = % cos (Lg(“”) N 0(%)

and

pan (a) = 5 cos (%) +0(%).

Hence, if 85 # 0 and ag # 0, then the eigenfunction ¢(x, \,,) has the
asymptotic representation

g cos(
p(x,An) = { 92 cos(Brlzletl)y

fs"—i cos(i("_l)g(rﬂ)) +O(

S ©

—~ —
3= 3= 3=
— —

~—

GESILICESI for z € [~1,h1]

for x € (hi, ha)
for x € (he, 1].
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Similar formulas in the other cases are as follows. In Case 2,

<p(x, )‘n)
_ (n—%?/lQ))ﬂ' sin( (n*(l/Q%)ﬂ'(erl)) + O(%) for & € [1, hy]
=0 — 5Tys sin( (2Nt 4 O(L)  for x € (b1, ho)
ety sin( U £ O(%) - or @ € (ha, 1)
In Case 3,

QQCOS(%W)—FO(%) for x € [—1, hq]
o(@,A\n) = COS(WM) +0(2) for z € (hy, hs)
g—icos(("_(l/éw)+0(%) for « € (hg,1].
In Case 4,
—2u sin(@)—i—O(%) for x € [—1, hq]
o, \n) = § — 120 6in(mEEDy L O(Ly  for & € (hy, ho)
—%%sin(%)—kO(%) for x € (hz,1].

All these asymptotic approximations hold uniformly for x € [—1, h1) |
(h1, h2) U(h2,1].
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