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Abstract. Basar and Braha [1], introduced the sequence spaces I, ¢ and ¢o of Euler-
Ceséro bounded, convergent and null difference sequences and studied their some
properties. Then, in [2], we introduced the sequence spaces [(w],,, [c],, and [co],, of
Euler-Riesz bounded, convergent and null difference sequences by using the compo-
sition of the Euler mean E; and Riesz mean R, with backward difference operator A.
The main purpose of this study is to introduce the sequence space [¢;], , of Euler-Riesz
p—absolutely convergent series, where 1 < p < oo, difference sequences by using the
composition of the Euler mean E; and Riesz mean R, with backward difference oper-
ator A. Furthermore, the inclusion £, C [(p],, hold, the basis of the sequence space
[(p],, is constucted and a—, B— and y—duals of the space are determined. Finally, the
classes of matrix transformations from the [¢,], . Euler-Riesz difference sequence space
to the spaces {«, c and ¢y are characterized. We devote the final section of the paper to
examine some geometric properties of the space [¢;], .

Key Words: Composition of summability methods, Riesz mean of order one, Euler mean of order
one, backward difference operator, sequence space, BK space, Schauder basis, —duals, matrix
transformations.

AMS Subject Classifications: 40C05, 40A05, 46A45

1 Preliminaries, background and notation

By a sequence space, we understand a linear subspace of the space w = CN of all
complex sequnces which contains ¢, the set of all finitely non-zero sequences, where
IN = {0,1,---}. We shall write {«,c and ¢ for the spaces of all bounded, conver-
gent and null sequences, respectively. Also by bs,cs, {1 and ¢,, we denote the spaces
of all bounded, convergent, absolutely and p—absolutely convergent series, respectively,
where 1 < p < co.
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serkandemiriz@gmail.com (S. Demiriz)
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We shall assume throughout unless stated otherwise that p,q > 1 withp~ ! +471 =1
and 0 < r < 1, and use the convention that any term with negative subscript is equal to
naught.

Let A, u be two sequence spaces and A = (a,) be an infinite matrix of real or complex
numbers a,;, where 1,k € IN. Then, we say that A defines a matrix mapping from A into
u, and we denote itby writing A : A — u, if for every sequence x = (x;) € A the sequence
Ax = {(Ax), }, the A—transform of x, is in y; where

(Ax)y =Y amxy, (n€N). (1.1)
k

By (A, u), we denote the class of all matrices A such that A : A — u. Thus, A € (A, p) if
and only if the series on the right hand side of (1.1) converges for each n € IN and every
x € A, and we have Ax = {(Ax),}nen € p for all x € A. A sequence x is said to be
A—summable to a if Ax converges to « which is called the A—limit of x.

Let X be a sequence space and A be an infinite matrix. The sequence space

Xag={x=(x) ew: Ax € X} (1.2)

is called the domain of A in X which is a sequence space.

A sequence space A with a linear topology is called a K— space provided each of the
maps p; : A — C defined by p;(x) = x; is continuous for alli € N. A K— spaceis called an
FK— space provided A is a complete linear metric space. An FK— space whose topology
is normal is called a BK— space. If a normed sequence space A contains a sequence (by,)
with the property that for every x € A there is a unique sequence of scalars («,) such that

E&Hx_ (@obo + a1by + - - - +auby)|| =0,
then (b,) is called a Schauder basis (or briefly basis) for A. The series }_ a;by which has
the sum x is then called the expansion of x with respect to (b, ), and written as x = }_ aby.

A matrix A = (a,) is called a triangle if a4 = 0 for k > n and a,,, # 0 foralln € N.
It is trivial that A(Bx) = (AB)x holds for the triangle matrices A, B and a sequence x.
Further, a triangle matrix U uniquely has an inverse U1 = V, which is also a triangle
matrix. Then, x = U(Vx) = V(Ux) holds for all x € w.

Let us give the definition of some triangle limitation matrices which are needed in the
text. A denotes the backward difference matrix A = (A,;) and A" = (A!,) denotes the
transpose of the matrix A, the forward difference matrix, which are defined by

—1) Kk o n—1<k<n,
Ank:{( ) o

0, 0<k<n—1 ork>n,
Al — (_1)7[77{/ n§k§n+1/
nk 0, 0<k<n ork>n+1,

for all k, n € IN; respectively.
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Then, let us define the Euler mean E; = (e,) of order one and Riesz mean R; = ()

() I g<k<n
€nk{2"’ O<ks=n, k=19 Q" T

0, k>7’l, O/ k>7’l,

for all k,n € IN and where (gx) be a sequence of positive numbers and Q, = Y./ k-
Their inverses E; ' = (g,x) and Ry ! = (h,) are given by

(M(=1)"*2, 0<k<n, (c1) 2k 1 <k<n,
Snk = 0 k> hox = qrk

0, otherwise,

forall k,n € IN. )
We define the matrix B = (b,) by the composition of the matrices E;, Ry and A as

(1) gk

. < k<

B = { g, Osksm (L3)
0, k>mn,

forall k,n € IN.
In the literature, the notion of difference sequence spaces was introduced by Kizmaz [8]
as
X(A) = {x=(x) € w: Ax = (xx — xp41) € X}

for X € {lw,c,co}. The difference space bvy, consisting of all sequences x = (xi) such
that Ax = (xx — xx_1) is in the sequence space /,, was studied in the case 0 < p < 1
by Altay and Basar [22] and in the case 1 < p < oo by Basar and Altay [9], and Colak
et al. [4]. Kiris¢i and Basar [10] have introduced and studied the generalized difference
sequence space

X ={x=(x) €w:B(r,s)x € X},

where X denotes any of the spaces /«,c,co and £, with 1 < p < oo, and B (r,s)x =
(s.xx_1 + r.xx) with r,s € R\ {0}. Following Kiris¢i and Basar [10], Sonmez [11] have
been examined the sequence space X(B) as the set of all sequences whose B(r,s, t)—
trasforms are in the space X € {{«,c,co,{,}, where B(r,s,t) denotes the triple band
matrix B(7,s,t) = {b{r,s, t}} defined by

r, n==xk,
s, n=k-+1,
bucr,s, t} = n=k+2

0, otherwise,

forallk,n € N and r,s,t € R\ {0}. Quite recently, Basar has studied the spaces , of
p—absolutely B—summable sequences, in [6]. The reader can also review these references
to get more detailed information [12-14].
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Then, as a natural continuation of Basar [6], Basar and Braha [1] introduce the spaces
?, ¢ and & of Euler-Ceséro bounded, convergent and null difference sequences by using
the composition of the Euler mean E; and Cesaro mean C; of order one with backward
difference operator A. In [2], we introduced the [(«],,,[c],, and [co],, of Euler-Riesz
bounded, convergent and null difference sequences by using the composition of the Eu-
ler mean E; and Riesz mean R, with backward difference operator A and prove that the
inclusions Yoo C [leo],,, ¢ C [c],, and cg C [co],, strictly hold. Furthermore, we investi-
gated some properties and compute a—, f— and y— duals of these spaces. Afterwards,
we characterized of some matrix classes of Euler-Riesz sequence spaces.

In the present paper, we introduce the [(,], =of Euler-Riesz bounded, convergent and
null difference sequence by using the composition of the Euler mean E; and Riesz mean
R; of order one with backward difference operator A. Furthermore, we investigate some
properties and compute a—, B— and y— duals of these space. Afterwards, we character-
ize of some matrix classes of Euler-Riesz sequence space. We devote the final section of
the paper to examine some geometric properties of the space [(,],

2 The Euler-Riesz sequence space

In this section, we shall give a new sequence space and we shall investigate its some

properties:
o p
[€p],, = {x:(xk) cw: ). <oo}.
n=0

With the notation (1.2), we may redefine the space [/, ],  as fallows:

[gp]g,y = <€p>1§- (2.1)

Define the sequence y = (yx), which will be frequently used, as the B—transform of a
sequence x = (xi), i.e

L e

Yk = 2 ék)Qq’ ke N. (2.2)

Throughout the text, we suppose that the sequences x = (x;) and y = (yx) are connected
with the relation (2.2). One can obtain by a straightforward calculation from (2.2) that

Z( ) D*72Qy;, keN. (2.3)

Theorem 2.1. The set [{,],  is linear space with coordinatewise addition and scalar multiplica-
tion, and it is a BK—space with norm ||x||,,) = || Bx]] .
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Proof. The proof of the first part of the theorem is a routine verification, and so we omit
it. Furthermore, since (2.2) holds, ¢, is BK—space with respect to its natural norm, and
the matrix B is a triangle, Theorem 4.3.2 of Wilansky [16] implies that the spaces [£,], , is
BK—space. O

Therefore, one can easily check that the absolute property does not hold on the space
[¢p], ,, because ||x| W L, Z# ||| x| ||[4 for at least one sequence in the space [(,], , where
|x| = (|xk|). This says that [0 ]E. is the sequence space of nonabsolute type.

Theorem 2.2. [(,], is linearly isomorphic to the space £, i.e., [£)], = ).

Proof. To prove this theorem, we should show the existence of a linear bijection between
the spaces [(,],  and £,. Consider the transformation S from [¢,],to £, by y = Sx = Bx.
The linearity of S is clear. Further, it is obvious that x = 6 whenever Sx = 6 and hence S
is injective, where 8 = (0,0,0, - - - ).

Let us take any y € £, and define the sequence x = {x, } by

Z < > ) kaQkyk foralln € N.

‘7” k=0
Then, we obtain in the case of 1 < p < oo that

n pq/p
(k)Qk i ]
Y Sk

n
x f—
e, = | & | X 2,
p\ 1/p
:<Z ) = [[yllg, < co.
n |k=n

Consequently, we see from here that S is surjective. Hence, S is a linear bijection which
therefore says us that the spaces [/,], , and ¢, are linearly isomorphic, as desired. ]

¢

Theorem 2.3. The inclusion {,, C [£,],  strictly holds for 1 < p < co.

Proof. To prove the validity of the inclusion £, C [{,], for 1 < p < co, it suffices to show
the existence of a number K > 0 such that HxH < K-[|x]]¢, for every x € £).

Let us take any x € £,. Then we obtain, w1th the notation of (2.2), by applymg the
Holder’s inequality for 1 < p < co that

£ B |1 | (k)Q ety )
|yk|p = sz] S ; 2]k ZOL/(
k(% k(%) P )
< z;);kwxm] L% - 24
fa - =




562 H. B. Ellidokuzoglu and S. Demiriz / Anal. Theory Appl., 37 (2021), pp. 557-571

Using (2.4), we have that

k(5 k(5
Y lyil” SZZ?WVJ SZWWZ# =) |xl?,
k k j=0 k

j k j=0

which yields us that
%/l < Nlxlle, (25)

for 1 < p < oo, as expected. Besides, let us consider the sequence u = {ul(cn)} defined by

u" = {0,(),0,... ) 3:}
~—
n—th

for all n € IN. Then, we have

N (Al |
(Bin = L ong, ™ = 2

For every n = 0,1,---, (Bu), € {p, but the sequence u = {ulgn)} is not in /,. By the
similar discussions, it may be easily proved that the inequality (2.5) also holds in the case
p = 1 and so we omit the detail. This completes the proof. O

Since the isomorphism S, defined in Theorem 2.1, is surjective, the inverse image of
the basis of the spaces /), is the basis of the new space [(,], . Therefore, we have the
following theorem without proof.

Theorem 2.4. Define a sequence b'¥) = {b,(f) }nen of elements of the space [(,], . for every fixed
k € N by

Bk _

, 0<k<m,
n - qn
0, k> n.

{ (1) (=1)"*25Qy

Let Ay = (Bx)i for all k € IN. Then, the sequence {b*¥)}cn is a basis for the space (€], and

any x € [£p], has a unique representation of the form

X = Z)\kb(k)
k
Remark 2.1. It is well known that every Banach space X with a Schauder basis is separa-
ble.
From Theorem 2.4 and Remark 2.1, we can give following corollary:

Corollary 2.1. The spaces [¢,], , is separable.
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3 Duals of the new sequence spaces

In this section, we state and prove the theorems determining the a—, f— and y— duals
of the sequence space [()], .
The set S(A, ) defined by

S(A ) ={z=(z) ew:xz= (x2¢) € p forall x = (x¢) €A} (3.1)

is called the multiplier space of the sequence spaces A and y. One can easily observe for
a sequence space v with A D v D u that the inclusions

S(A,u) C S(v,u) and S(A,u) C S(Av)

hold. With the notation of (3.1), the alpha-, beta- and gamma-duals of a sequence space
A, which are respectively denoted by A%, AP and A" are defined by

A" =S(A0), AP =5(Acs) and A7 = S(A,bs).

For to give the a—, B— and y— duals of the space [/,], . of non-absolute type, we need
the following Lemma;

Lemma 3.1 ([18]). A € (¢, : {1) ifand only if

q

sup )

KeF k

Z Ank

nek

<o, (1<p<o).

Here and in what follows, we denote the collection of all finite subsets of IN by .
Lemma 3.2 (18]). A € (¢, : c) if and only if

li_r)n ayy exists for each k € IN, (3.2a)
n—00

sup ) |ayl? < oo, (1< p <oo). (3.2b)
nelN f

Lemma 3.3 ([18]). A € (¢, : {w) if and only if (3.2b) holds.

Now, we may give the theorems determining the a—, — and y—duals of the Euler-
Riesz sequence space [{}], .
q
< oo} |

Theorem 3.1. Define the set a, as follows:

aq:{a:(ak)Ew:supi

KeTF k=0

> ()i,

nek

Then, {[£y),,}" = a5
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Proof. We chose the sequence a = (ax) € w. We can easily derive that with the (2.3) that

o= 3 (1) (UL = (B, (nEN) 63)

k=0
where B = () is defined by the formula

m(_1)nkok o (0 < k < n),
by = (D (=1) qn (O<k<n) (n,k € N). (3.4)
0, (k > n),
It follows from (3.3) that ax = (a,x,) € ¢1 whenever x € [(,], if and only if By € #;
whenever y € co. This gives the result that {[¢,],}" = a,. O

Theorem 3.2. The matrix D(r) = (d,y) is defined by

Eix i szk’Q 0<k<n),
d = (W=D b ( ) 35)
0, (k > n),
forall k,n € N. Then, {[¢,], }f = by N by where
b= {a=(w) €w: lim dy = o},
b, = {a = (a) €w:sup ) _|dyl? < oo}.
nelN
Proof. We give the proof for the space [¢;], . Consider the equation
n n k k ko 1
Z ApXy = Z Z . (—1) 2 7Q]y] ay
k=0 k=0 [j=0 \J T
n n k ..
-y [2 (§) -y foij] = (D), 3o
k=0 [j=k \J x

where D = (d,;;) defined by (3.4).

Thus, we deduce by with (3.6) that ax = (axx;) € cs whenever x = (xi) € [(p],, if
and only if Dy € ¢ whenever y = (yx) € £,. Therefore, we derive from (3.2a) and (3.2b)
that

lim d,;; exists for each k € IN,
n—oo

n
sup ) [dul" < oo, (1< p <oo),
nelN k=0

which shows that {[ép]e_r}ﬁ = by N by. O
Theorem 3.3. {[/,] }7 = bo.

Proof. This is obtained in the similar way used in the proof of Theorem 3.2. O
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4 Matrix transformations related to the new sequence spaces

In this section, we characterize the matrix transformations from the space [¢,], , into any
given sequence space y and from the sequence space y into the space [(,],

We known that, if [¢,], = f,, we can say: The equivalence x € [(,], , if and only if
y € £, holds.

In what follows, for brevity, we write,

Z() ik Qe

n

forall k,n € IN.

Theorem 4.1. Suppose that the entries of the infinite matrices A = (au) and E = (eyx) are
connected with the relation

enk =: Ank (4.1)

for all k,n € IN and p be any given sequence space. Then, A € ([(p], : p) if and only if
{an}ren € {[6p),,}F foralln e Nand E € (€, : ).

Proof. Let u be any given sequence space. Suppose that (4.1) holds between A = (a,y)
and E = (ey), and take into account that the space [¢,], = and ¢, are linearly isomorphic.

Let A € ([¢p],, : u) and take any y = (yx) € £p. Then, EB exists and {a,;}ren €
by N by which yields that {e, }ren € ¢4 for each n € ]N Hence, Ey exists and thus

Zenkyk = Zankxk
k k

foralln € IN.

We have that Ey = Ax which leads us to the consequence E € (¢, : p).

Conversely, let {a,x }xenw € {[Ep]”}ﬁ foreachn € N and E € (£, : u) hold, and take
any x = (x;) € [£,], . Then, Ax exists. Therefore, we obtain from the equality

IS 0o k k ) Q
Y awn= Y |1 () 02 |
=0 =0 |i=o \J qk

for all n € N, that Ey = Ax and this shows that A € ([¢p],, : ). This completes the
proof. O

Theorem 4.2. Suppose that the elements of the infinite matrices A = (auy) and B = (byy) are
connected with the relation

by = Z ékg] ag forall kneN. (4.2)

Let p be any given sequence space. Then, A € (y : [€p], ) ifand only if B € (u : £p).
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Proof. Letz = (zx) € p and consider the following equality.
o k(§ay [
k;;)bnkzk = Z 70, Z agzi | forall m,neN,
= j=0 k=0
which yields as m — oo that (Bz), = {B(Az)}, for all n € N. Therefore, one can observe

from here that Az € [{,]  whenever z € p if and only if Bz € £, whenever z € p. This
completes the proof. O

The following results were taken from Stieglitz and Tietz [18]:

lim a,; =0, (4.3a)
n—o00
P
supz Z Aur| < oo. (4.3b)
K n |keK

Lemma 4.1. Let A = (a,) be an infinite matrix. Then
(i) A= (am) € (co:4p) = (c:4p) = (Lo : £p) if and only if (4.3b) holds.
(ii) A= (au) € ({p: co) if and only if (3.2b) and (4.3a) hold.
(iii) A = (am) € (€ : c) if and only if (3.2a) and (3.2b) hold.
(iv) A= (an) € (p: {e) if and only if (3.2b) holds.
Now, we can give the following results:

Corollary 4.1. Let A = (ay) be an infinite matrix. The following statements hold: (1 < p <
o)

(i) A€ ([p],, : L) if and only if {ay tren € {[£p],,}F forall n € N and (3.2a) holds with
Ay instead of ayy.

(ii) A € ([6p),, : ) ifand only if {a}kew € {[{p],,}P for all n € N and (3.2a) and (3.2b)
hold with a,, instead of a,.

(iii) A € ([{y],, : co) if and only if {au frew € {[¢,],,}F foralln € N and (3.2a) and (4.3a)
hold with &, instead of ay.

Corollary 4.2. Let A = (a,) be an infinite matrix. The following statements hold: A = (aux) €
(co: [lpl,,) = (c:[lp],,) = (b : [£p],,) if and only if (4.3b) holds with by instead of a,y.
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5 Some geometric properties of the space [/,]

In this section, we study some geometric properties of the space [{,], .

A Banach space X is said to have the Banach-Saks property if every bounded sequence
(x,) in X admits a subsequence (z,) such that the sequence {t(z)} is convergent in the
norm in X [24], where

tk(Z Zo+Z1—|—--~—|—Zk), (kEN) (5.1)

):m(

A Banach space X is said to have the weak Banach-Saks property whenever given any
weakly null sequence (x,) C X and there exists a subsequence (z,) of (x,) such that the
sequence {tx(z)} strongly convergent to zero.

In [25], Garcia-Falset introduce the following coefficient:

R(X) = sup {li’gr_lil;lfon — ||+ (x) € B(X), x40, x € B(X)}, (5.2)

where B(X) denotes the unit ball of X.
Remark 5.1. A Banach space X with R(X) < 2 has the weak fixed point property, [26].

Let1 < p < co. A Banach space is said to have the Banach-Saks type p or property
(BS)p, if every weakly null sequence (xi) has a subsequence (x4;) such that for some
C>0,

n

Y X

1=0

<Cn+1)Vr (5.3)

for all n € IN (see [27]).
Now, we may give the following results related to the some geometric properties,
mentioned above, of the space [(,], .

Theorem 5.1. The space [{}],  has the Banach-Saks type p.

Proof. Let (€,) be a sequence of positive numbers for which "€, < 1/2, and also let (x,)
be a weakly null sequence in B([(p], ). Set by = xo = 0 and by = x,, = x;. Then, there
exists mq € IN such that

Y b(i)el?

i:ml +1

< €1.
[(pL,_,,

Since (x,) is a weakly null sequence implies x,, — 0 coordinatewise, there is an n, € IN
such that

< €1, (5.4)
[Zp]e.r

my .
Z xn(i)e(l)
i=0
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where n > ny. Set by = x,,,. Then, there exists an my > mj such that

Y ba(i)el?

i=mp+1

< €7. (5.5)
V”L’,r

By using the fact that x, — 0 coordinatewise, there exists an n3 > n, such that

< €7, (5.6)
wr’]e.r

my i
Y xu(i)el?
i=0

where n > ns.

If we continue this process, we can find two increasing subsequences (m;) and (n;)
such that

Yoae?|  <e (5.7)
i=0 [[p]e.r
for each n > njt1 and
Y bi(i)e < e, (5.8)
i=mp+1 [ép}m

where b]- = Xn;. Hence

n n mj—1 ) mj )
b; =X X6+ Y bii)eD + Y bi(i)el?
jZO [ZP]EJ jIO i=0 i:m]-,l +1 i:m]'+l [[p}
n [Mj-1 n m;
Sl (Taoe )| o B s
j=0 \ i=0 %] j=0 \i=m;_1+1 0],

IN




H. B. Ellidokuzoglu and S. Demiriz / Anal. Theory Appl., 37 (2021), pp. 557-571 569

On the other hand, it can be seen that ||x||s, < 1. Therefore, ||x, ||f€p] < 1. We have

p

[677]61

3 W)
=0 2'Qi !

j=0 i:mj,l-i-l

Hence, we obtain

n .

Yo X bl < (n+1)Y7.
[gp]e.r

By using the fact 1 < (n +1)'/7 for all n € IN, we have

n

Y b

j=0

<(m+DYPr1<2(m+1)VP.

[EV]BJ

Hence, [¢}],  has the Banach-Saks type p. This completes the proof of the theorem. [

Remark 5.2. Note that R([¢,],,) = R(¢,) = 2!/7, since [¢,], _is linearly isomorphic to /.

Hence, by the Remarks 5.1 and 5.2, we have the following.

Theorem 5.2. The space [{p], , has the weak fixed point property, where 1 < p < oo.
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